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Abstract 

The conjecture on Global One-Dimensionality within Quantum 
General Relativity leads to the model of quantum gravity possessing 
nontrivial field theoretic content. This is a midisuperspatial model, 
which quantum mechanical part can be considered independently. 

The fragment, basing on the Dirac-Faddeev canonical primary 
quantization of Hamiltonian constraint, in fact constitutes minimal 
effective model within standard quantum geometrodynamics with po- 
tential different from the standard. It uses one-dimensional wave func- 
tions, where the (global) dimension is a volume form of a 3-embedding. 

In this paper some elements of the global ID quantum mechan- 
ics are presented. We consider absence of matter fields. Generalized 
functional expansion in the global dimension of the effective potential 
is discussed. Finally, its residual approximation, the Newton-Coulomb 
type potential, realized by all embeddings being maximally symmetric 
3-dimensional Einstein manifolds is studied. 



*Electronic address: lagliiika@gmail.com 
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1 Introduction 

As it was shown in the last topical papers [1, 2, 3, 4, 5, 6, 7] of the author, tak- 
ing into account the Global One-Dimensionality supposition within Quantum 
General Relativity given by the Wheeler-DeWitt quantum geometrodynam- 
ics, according to the Dirac-Faddeev Hamiltonian approach, allows to consider 
this model of Quantum Gravity as a bosonic classical field theory. For this 
field theory quantization in the Fock space of creators and annihilators with 
stable Bogoliubov-Heisenberg vacuum state can be done standardly, and an 
adequate thermodynamics of macrostates - quantum states of 3-dimensional 
embedded induced space - can be constructed directly. This approach results 
in the model of Quantum Gravity with unique quantum-statistical content. 

However, the part of this full field-theoretic model of Quantum Gravity, 
strictly related to canonical primary quantization of the Hamiltonian con- 
straint, can be reconsidered separately, as independent model of Quantum 
Gravity. In and of itself this small piece of the quantum-statistical field the- 
ory constitutes a (globally) one-dimensional quantum mechanics describing 
Quantum Gravity also related to any 3 + 1 metric of General Relativity. 
The Quantum Mechanics looks like formally as radial-type Schrodinger wave 
equation, where the global dimension is generalized distance of common sit- 
uation - determinant (volume form) of metric of 3-dimensional embedding. 

In this paper some elements of the one-dimensional quantum-mechanical 
construction are discussed. Maximally symmetric 3-dimensional Einstein 
manifolds, those are embeddings reconstructing the Newton-Coulomb type 
potential within the model of Quantum Gravity, are mainly considered. 

The content of this paper is as follows. First, we discuss in condensed way 
the standard way from the Einstein-Hilbert General Relativity with cosmo- 
logical constant and the Hawking-Hartle nondynamical boundary term, by 
3 + 1 Dirac-ADM decomposition of metric, the DeWitt constraints algebra, 
and the Hamiltonian Dirac-Faddeev quantization of primary and secondary 
constraints resulting in the Wheeler-DeWitt evolution equation. For the ob- 
tained quantum geometrodynamical model of Quantum Gravity we apply 
the Global One-Dimensionality supposition and by global transformation of 
variables we reduce the Wheeler-DeWitt theory to one-dimensional quantum 
mechanics with an effective potential. 

Received model is related to 3-dimensional embeddings. We discuss some 
possible physical scenarios with respect to the effective potential. The crucial 
subject is discussing the situation, where the generalized Newton-Coulomb 
potential can be obtained. In the presented model this type effective theory 
is obtained by any maximally symmetric Einstein 3-manifolds. We discuss 
generalized boundary conditions for this case. 
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2 Global ID Quantum Gravity 
2.1 Quantum geometrodynamics 

Pseudo-Riemannian [8] manifold {M,g) given by metric g^^, coordinates x^, 
affine connections F^^, curvatures: Riemann R^^ui Ricci -R^jy, Ricci scalar R 

g ^udx^ dx , ^a^u 2 i.9^J.o■,u ~l~ Qau,^ 9^u,a) 1 r^j^ g^ ^a^u ) (1) 
pA -pA -pA _|_ -pA per pA per p pA p n'^^ R (O] 

according to Einstein [9] is a solution of General Relativity field equations^ 

1 

2" 

where A is cosmological constant, and T^j/ is stress-energy tensor, arise by 
Palatini [10] principle used to Hilbert-Hartle-Hawking [11, 12] action 



G i^iu + -^g^Mu — "iT^y , G — R^u „ R9^lv 1 (3) 



S[g]= jJ^^,^-^ + ^ + C^-^-j^J^^HK , (4) 

where K is Gauss scalar curvature of spacelike boundary ((9M, /i), £ is Matter 
lagrangian, and d^g = d'^x^/^, dfih = d^x^/h are invariant measures. 

Nash embedding theorem [13, 14, 15, 16] allows using 3 + 1 Dirac-ADM 
decomposition [17, 18, 19], by embedding metric /ly, lapse and shift Aj, 

-N^ + h'^iNi 



h.kh'' = 6l , (5) 



and transforms the action (4) into the Hamiltonian form 

S[g] = j dt j d^x jvriV + Ti'Ni + Ti'^hij -NH - NiW^ , (^ = ^^. (6) 

By Gauss-Codazzi equations [20, 21, 22], nontrivial tt's, and iJ, iJ* are 

TT^^' = Vh{lC^-Kh'^) , (7) 

H = y/h{^^^R + K^ -KijK'^ -2A-6g} , W = 2ti'{^ , (8) 

where ^^'>R is Ricci scalar of embedding, q = n^rfT^y is stress-energy tensor 
projected onto normal vector field = [1/A^, — A^YA^j. Extrinsic curva- 
ture Kij (TiKij = K) is constrained with /ijj, A^, and symmetrized intrinsic 
covariant derivative of A"(j|j) 

= 2 {NK,, + A^(,|,)) . (9) 



^In this article we use standardly the geometrized units system SttG/S = c = h = 1. 
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According to DeWitt [23] are diffeomorphisms x* = x* + generators 



dM 



HaSx^d^x 



dM 



- {nij5x^) ^ + TikjSx' f. + TTikSx^ 



k ' 



(10) 
(11) 



where Hi = hijH^ . Dirac [24] time-preservation of the primary constraints 
TT ^ and Ti'- ^ leads to secondary constraints - scalar and vector 



which create nontrivial first-class type constraints algebra [23] 



H6xid X, 

'dM 

t[H,{x),H,{y)]-- 



H5xod X 



dM 



dM 



/ {5Xi,a5x2- 5Xi5x2,a)d^X 

JdM 

i[H{x),H,{y)] = H6f{x,y) , 



(12) 

(13) 
(14) 



where c^j = c^j[x, y, z] = S1SjS^^\x, z)5^'^\y, z) — {i ^ j, x ^ y) are structure 
constants of diffeomorphism group, and all Lie's brackets of vr's and if' s 
vanish. Scalar constraint determines dynamics, vector one merely reflects 
diffeoinvariance. By using of the conjugate momenta (7) the scalar constraint 
transforms into the Einstein-Hamilton-Jacobi equation widely famous in the 
last four decades literature [25]-[68] 

H = CjkiTr'^n''^ + Vh ((^^i? - 2A - 6^) ^ , (15) 

where Gijki = {2^/h)~^ {hikhji + huhjk — hijhki) is metric of the Wheeler- 
DeWitt superspace, a factor space of all C°° Riemannian metrics on dM, 
and a group of all diffeomorphisms of dM that preserve orientation [69]. 
The Dirac-Faddeev primary canonical quantization method [17, 70] 



t[7r^^{x),hM] = \{5lSi + 5iSi)5^'\x,y) , 



(16) 



t[7r\x),N,{y)] = 6]6^'\x,y) , z[7r{x), N{y)] = 6^'\x,y) ,(17) 

used for the Hamiltonian constraint (15) leads to the standard model of 
Quantum Gravity based on the Wheeler-DeWitt equation [71, 23] 

52 



-G,,kijT-^-^h{-m + 2A + Qg)}-^[h,,,(l)] = , (18) 

OtlijOtlki ) 

called quantum geometrodynamics, where (j) are Matter fields. Other flrst 
class constraints 















(19) 



merely reflect diffeoinvariance, and are not important in this model. 



4 



L. A. Glinka / On the residual effective potential within Global ID Quantum Gravity 



2.2 The Global Dimension 

The toy model of Quantum Gravity, Global One-Dimensionality supposition 
within the Quantum General Relativity determined by the Wheeler-DeWitt 
equation (18), arises from the assumption that Matter fields as well as the 
quantum-geometrodynamical wave function are functionals of only 

embedding 3-space volume form 

h = det h,, = ^e'^''e''''hiah,khkc , (20) 
where e^^^ is the Levi-Civita density. So, actually the following situation 

0(x) ^ m , (21) 

^?(0) ^ Q[h] , (22) 
nh,„4>] ^ ^h] , (23) 

lies in the fundamentals of the model. Applying the transformation of vari- 
ables hij — > in the Wheeler-DeWitt equation (18), i.e. putting into the 
differential operator the relation 

6 5 

Jihij,h)— , (24) 



Shij dh 
where {hij, h) is formally the Jacobi matrix of variables transformation 

J{hij,h) = hh'^ , (25) 

and doing elementary algebraic manipulations, the reduction of full quantum 
geometrodynamics - (globally) one-dimensional quantum mechanical model 
of Quantum Gravity is received 

(^ + K//[/^])^[/^]=0. (26) 

Here Veff[h] is the effective potential 

V,ff[h]=VG[h] + Vc[h] + VM[h] , (27) 

that is a simple algebraic sum of the three fundamental potential constituents 

2 (^)i? 4 A 4 

Mh] = ^— , Mh] = -^j^ , VM[h] = --g[h] , (28) 

related to pure geometry of 3-dimensional embedding space (G), cosmological 
constant (C), and Matter fields (M). 
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On the one side, by the simple identification of the effective potential 
with the square of mass of the boson Veff[h] = m^[/i], one can state that the 
quantum evolution (26) describes the model of Quantum Gravity in terms 
of classical theory of massive bosonic field "^[h]. It leads to construction of 
an adequate quantum field theory in the Fock space of static Bogoliubov- 
Heisenberg operator basis of creators and annihilators. One can do also some 
statistical nature conclusions on thermodynamics of quantum states related 
to any 3-dimensional embedding space. The meaningful part of this field- 
theoretic model was discussed in the previous papers of the author [2, 3, 4, 
5, 6, 7], and is not the leading theme of the present paper. 

However, on the other side one can approve the nonrelativistic type in- 
terpretation of the one-dimensional quantum dynamics (26)- (28), and treat 
the received global model as some the effective one-dimensional Schrodinger 
quantum mechanics with a certain selected potential being a functional of 
volume form of 3-dimensional embedding space. In the spirit of this phi- 
losophy the potential Veff[h] has intriguing meaning - the equation (27) is 
the equality between any "effective physics", maybe given by other type con- 
siderations of particle physics or condensed matter physics, and three basic 
constituents related to an embedding 3-space - "geometric", "cosmological", 
and "material" ones. Let us assume that concrete form of K// can be es- 
tablished from any other theoretical digressions. In this case Ricci scalar 
curvature of a 3-dimensional embedding can be established as 



Immediately, however, the fundamental question suggests itself from this 
type construction: How to determine the potential V[h] correctly? This 
theoretical problem is more sophisticated and can not be solved by direct 
simple way. Presently, one can list some possible physical scenarios in the 
one-dimensional model, with respect to the form of the potential V[h]. 

1. The case of constant non vanishing total potential Veff = Vq 7^ 0. 
For this situation the Ricci scalar curvature of an embedding and the 
one-dimensional wave equation are 



Here ^o[^] is the wave function related to Veff = Vq. 

2. The case of vanishing total potential Veff = 0. For this situation the 
Ricci scalar curvature of an embedding and the one-dimensional wave 




(29) 




(30) 
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equation are 

(3)^^ = 6 + 1^ , ^^F[h] = 0. (31) 

Here is the "free" wave function related to Veff = 0. 

3. The case, when a sum of geometric and cosmological potential contri- 
butions vanishes Vg + Vq = 0, but total potential is no zeroth Veff ^ 0. 
For this situation the Ricci scalar curvature of an embedding and the 
one-dimensional wave equation are 

(% = 2A , + =0. (32) 

Here m is the "material" wave function related to Vm 0. 

4. The case, when a sum of geometric and material potential contributions 
vanishes Vq + Vm = 0, but total potential is no zeroth V^ff ^ 0. For 
this situation the Ricci scalar curvature of an embedding and the one- 
dimensional wave equation are 

(% = 6^? , (J^ + Vc[h]^^c[h]=0. (33) 

Here is the "cosmological" wave function related to 7^ 0. 

5. The case, when a sum of cosmological and material potential con- 
tributions vanishes Vc + Vm = 0, but total potential is no zeroth 
Veff 7^ 0. For this situation the matter fields energy density and the 
one-dimensional wave equation are 

T = , (^ + VG[h]]^G[h] = 0. (34) 



3 " ' V^^^ / 
Here is the "geometric" wave function related to Vg 7^ 0. 

6. The other, more general, proposition can be application for the effective 
potential Ve//[/i] the formal (functional) Laurent series expansion in 
volume form /i in a infinitesimal neighborhood (a circle with a radius 
he) of the fixed initial value of volume form /iq 

00 

Veff[h]=J2(^n{h-hor in C{he) = {h : \h - ho\ < he} , (35) 
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where a„ are series coefficients given by (classical) functional integral 

= 9^ / Th — rv^^''- ^^^^ 

^TTi Jc{h,) [h - ho) 
In this case the Ricci scalar curvature of an embedding equals 

^'^R = 6(^Q + ^ + \f2<^nh-^'y (37) 

and the one-dimensional wave equation (26) yields 

5 



6h^ 



^a„/i"^[/i] = 0. (38) 



Naturally, there is many other opportunities for a form of the potential 
Veff[h]. However, in this paper we will discuss only an especial case. 



2.3 Digression on generalized dimensions 

Let us note that generally the quantum mechanical equation (26) cane be 
reduced by more general transformation of variables 

h-^m, (39) 

where ^[h] is any functional in the global dimension h. In this case one can 
rewrite the one-dimensional equation (26) as 

and if the functional derivative in the differential operator is non zeroth then 
one can rewrite this equation as 

{^ + v^[e]}*[e] = o, (41) 

where the new potential V[C,] is scaled effective potential Vg// expressed by 
the generalized dimension ^ 

^[e]= (^) 'v^ffim]- (42) 
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From this consideration the following choice of the "gauge" ^[h] 

m = h, (43) 

that leads to the quantum mechanics (26) is the minimal choice. The choice of 
the transformation of variables in the form (43) is the simplest transformation 
of the kind hij — s> ^[det hij] within the Wheeler-DeWitt theory. Other, more 
advanced constructions, can be generated directly from this basic case, and 
should be justified by some physical nature's arguments. For example let us 
consider the following transformation of variables 

m = v^, (44) 

which can be justified by the form of the invariant measure on an 3-dimensional 
embedding present in the action (4) with assumption that h > 0. This change 
yields the equation (41) with the following modified effective potential 

V[^] = ^eVeffi^]. (45) 

It cancels the singularity — , but actually causes that V[^] must be studied 

h 

with respect to the generalized dimension ^, not the global dimension h. 
Further aspects of similar considerations would be studied in further papers 
of the author. 

The very good a point of reference in searching for the generalized dimen- 
sion ^ is the normalization condition of the Schrodinger quantum mechanics, 
which for the considered situation takes the form of a classical functional 
integral 

/ \^m]]fm] = h (46) 

Jn{hi,h) 

where Q{hj, h) is some region of integrability in a space of all 3-dimensional 
embeddings with metric and a volume form h = det hij. In fact this is 
the main condition for possible solutions of the studied model: 

Proposition. Integrability of the wave functional in the sense of 

functional integration in the normalization condition (46) determines the 
generalized dimension ^[h] in the Quantum Gravity model. 

The generalized dimension ^[h] can be established in the region of integra- 
bility Q{hi, h) as ^Q\hi, h] by using of the functional integration formula 

in[hiM= I mi (47) 
Jn{hi,h) 
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In this paper we will study further consequences of the simplest transforma- 
tion (43). We will use standard argument which states that the normalization 
condition (46) establishes integrability constants of any quantum mechanical 
solution. 



3 Maximally symmetric Einstein embeddings 

Let us consider the following case in the functional expansion of the effective 
potential (35) 

a_i = const for n = — 1 , . 

forn ^ -1 ' ^ ' 

which follows the effective potential (27) in the Newton-Coulomb form 

Vefflh] = ^. (49) 
In this case the Ricci scalar curvature of a 3-dimensional embedding becomes 



= 6 (^g 



3 4 

and the effective potential as well as the evolution (26) take the form 



A 1 > 

+ 7«-i . (50) 



(51) 



In this paper we will consider the case of maximally symmetric embed- 
dings i.e. the 3-dimensionaI manifolds with the vacuum condition 

^ = 0, for all values of h. (52) 

For this situation the wave function becomes "geometric" = ^I/cf^], and 
the Ricci scalar curvature (50) simplifies to 

= ^a_i + 2A , (53) 

and by computation of the Ricci curvature tensor and comparison with a 
3-dimensional Einstein manifold condition [72] 

Rij = Xhij , (54) 

we obtain that the sign A of the considered Einstein manifolds equals 

1 2 

-a_i + gA = ^- (55) 

In general case, one can consider classification of maximally symmetric 
3-dimensional Einstein manifolds (54) with respect to its sign A (55). 
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Conclusion. In Global One-Dimensional Quantum Gravity model the em- 
beddings which are maximally symmetric 3-dimensional Einstein manifolds 
with the sign (55), reconstruct the Newton- Coulomb potential Veff[h] = 

1. For the case of non vanishing sign A 7^ and negative a_i = — the 
effective potential Veff[h] is Newtonian attractive potential. 

2. For the case of non vanishing sign A 7^ and positive a_i = +\a\, the 
effective potential Veff[h] is Goulombic repulsive potential. 

In these cases, positiveness or negativeness of the sign A determines 
inequalities for cosmological constant A as follows 

I a I for Newtonian case 
A ^ <( : (56) 







1 = 


a\ 






1-1 


a\ 



where the inequality ^ is directed according to value of sign of the Ein- 
stein manifold A ^ 0. 

, , 4 

3. For vanishing sign A = 0, one determine uniquely a_i = =FfI = "g^. 

In this case, from the Newton law of gravitation and the Goulomb law 
of electrostatics we obtain the values of cosmological constant 

9 

mim2 for the Newton law 

AH (57) 

for the Coulomb law 

IGtt eo 

where geometrized units was used, mi^2 are masses of bodies which in- 
teract gravitationally in vacuum, eg is the dielectric constant in vacuum, 
qi^2 dre values of charges interact electrically in vacuum. 

Note that in fact, by assuming the relation (36), the constant coefficient 
a_i is equal to the Cauchy residuum of the effective potential Veff[h] in any 
fixed point Hq 



a_i = / Veff[h]6h = Res 



l-{(^)R-2A-6g),h = ho 



'C{h,) 

and can be computed by elementary way 

a-i = ^ ((')i?-2A-6f?)|,^,^^ = ^(%o-^A-4f?o , (59) 



(58) 
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where prefix "0" on the LHS means value in the fixed initial value of volume 
form ho. Application of the relation (59) in the constraint (55) leads to the 
relation 



X 



(60) 



where the initial assumption of maximality qq = was imputed. So, the 
studied approximation of the effective potential worthy of the title of residual 
approximation. 

Let us note that, if we want to associate the residual approximation 



VefAh] 



a_i 



with any realistic quantized Kepler problem in Newtonian 



'eff 

or Coulombic potentials, we should put by hands the identification 

h 



(61) 



where r = x"^ + y'^ + z"^ is a space distance in harmonic coordinates. For 
this case, with the formal assumption 6 
(51) becomes more familiar equation 



d, the studied evolution equation 



ydr"^ 



^(r) = 



(62) 



where the number |a| can be taken from the Newton law of gravitation 
or from the Coulomb law of electricity. Of course, the obtained equation 
(62) looks like formally as the radial-type Schrodinger wave equation [73] 
with classical Newton-Coulomb potential. The assumption 6 = d is well 
established in the context of classical mechanics [74] and continuation of this 
idea into quantum mechanics is a question of an analogy only. 

However, there is many possible metrics hij with the same determinant 
r, for example we have obviously 



hij = r 



(63) 



However, more generally, one can parameterize the relation (61) by 50(3) 
group rotation matrix rif h^j = r^^^rij, which allows use the Euler angles 
{6, if, 0) as follows 



nA(^,vA)^r[f\e)r\t>{^)r):]>{<P) , 
where matrices r^f {■&) are rotation matrices around the p-axis 



(2), 



.(3), 



(64) 



cos — sin '(9 
sin "i? cos 
1 



,(2) 





— sin^!^ 



sin-ff 

1 

cos-d 



(65) 
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4 Geometric wave functions 

Still we will consider solutions of the one-dimensional quantum mechan- 
ics (26) for the discussed residual approximation of the effective potential 
Veff[h]. For the considered case the evolution is solved by two type geomet- 
ric wave functions \E'g[^] = ^g[^] 



(66) 



where the attractive wave functions ^'^[/i] are associated with the sign "— " 
in the potential (Newtonian case), and the repulsive ones "^clh] are asso- 
ciated with the sign "+" in the potential (Coulombic case). One treat the 
functional evolution (66) as a type of an order differential equation for wave 
functions ^I/^f^]- General solution of this equation can be constructed di- 
rectly in terms of the Bessel functions J„ and y„ for the case of Newtonian 
attractive potential 

^^[/i] = C{Ji (2v^4^) + 2iC^Yi (2v^4^) , (67) 

as well as in terms of the modified Bessel functions /„ and Kn for the case 
of Coulombic repulsive potential 

^+[h] = -v^4^ C+h (2vl4^) + 20+ Ki , (68) 

where and C2 are constants of integration, the Bessel functions of first 
and second kind, Ja{x) and Ya{x), are 

1 r 

Ja{x) = — dt COS {x COS t — at) , (69) 







= ^.(^)cos(«7r)-J„.(x) 
sin [aTT) 

and the modified Bessel functions of first and second kind, /q,(x) and Ka{x), 
are 

1 r 

Ia{x) = — I exp (x cos t) cos (at) , (71) 

2 sm (aTTj 

Standardly, values of the second kind Bessel functions and modified ones 
for any integers n can be received by employing of the limiting procedure 
Ynix) = limQ,^„ Fq,(x), Kn{x) = lima^n Ka{x) [75]. The main subject of this 
section is studying of solutions of the quantum mechanical evolution (66) 
with respect to boundary conditions for the general solutions (67) and (68). 
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4.1 Boundary conditions I 

Let us consider the case of the quantum evolution (26) with the boundary 
values for some fixed h = hj: 

5\1/ 

nhr] = ^i , —[hj] = ^. (73) 
With using of the regularized hypergeometric functions pFr 



p ( '^1' ■ ■ ■ ' '^p . ^ 

^^^^ 'V r(60...r(M ' ^'^^ 

r(a + r) 



r(a) 



(76) 



one write the general solutions (67) and (68) for the considered boundary 
conditions (73) in the following form 



with constans 



C2" = I (^^iKo (2^H^^ + "^'i^^Ki ((^sjVAhi ) 1 , (79) 
for Newtonian case, and 



<^% = Ct\2^\a\hjYr\2^\a\hJ+Ci[2^\a\hJ ,F^[^ ^ ; ,(80) 
with constans 

Ct = '^(^\hi,h(^~--\a\h^-'^ioh(^\-,-W\h^^, (81) 



(82) 



for Coulombic case. 
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4.2 Boundary conditions II 

The second case which we want to present, are the boundary conditions for 
1st and 2nd functional derivatives 

^N = *', . ^N = *;'. (83) 

One more using hypergeometric functions, one can express the solution for 
attractive case as follows 



G 



Cf 2\ \a\h Ki 2J\a\h ] + [ 2J\a\h qF^ 



a\h ,(84) 



where Ci and C2 are constants defined as 
Cf = -hj(^oFi 



(85) 
(86) 



Similarly for repulsive one we obtain 



= C+ \^2^\a\hj Fi \^2^\a\hj + \^2^\a\h ] oFi 
with constans 

Ct = ^U%Fi(~;-\a\hj]+^oFi[ ^ ■,-\a\hj 



a\h ,(87) 



4.3 Boundary conditions III 

The last possible case of boundary conditions for the considered problem is 



6h^ 



[hi] = 



(90) 



These boundaries are formally improper for the problem; they give singluar 
solutions. However, in this case one can present solutions in form with for- 
mally singular constans. For the Newtonian attractive potential the solution 
is 

*G = Cr (2v^) Ki (2v^^) (2v^)'oFi 2 ' ' (91) 
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with constans (e 0) 



(92) 
(93) 



and for the Coulombic repulsive potential we have 



^+ = C+ (2v^) n (2v^) + (2v^)' 0^1 



\a\h 



with constants (e — ^ 0) 



\a\h} 



However, when the following condition for initial data holds 



\a\ 



(94) 

(95) 
(96) 

(97) 



where f±[hj, \a\] ^ is some (now unknown and arbitrary) nonsingular func- 
tional of hj and |a|, the sign + is related to the Newtonian case, and the 
sign — to the Coulombic one, then solutions (91) and (94) are nonsingular. 
In this case initial value of the wave function is for the attractive case 



^7 



\a\hioFi [ 2 ; \o:\hi 



+ 2ey'\a 

■hr 



dt 



Co + e\a\ 



and similarly for the repulsive one 



1 Vt 

dtf_[tM]oFi 



f4t,\a\]K^(2^\a\t 
; \a\t 



+ 
(98) 



^1 = \a\hjoFi 



\a\hi 



c{ — evry |a| 



hi 



dt 



1 



U[t,\a\]YA2^\a\t 



, ITT 

Co — e— « 



hi 



dtU[t,\a\]oFi 



\a\t 



,(99) 



where c^2 are constants of integration. The functions f±[hj, \a\] ^ can be 
established by using of the condition (97) in general solutions (91) and (94), 



16 



L. A. Glinka / On the residual effective potential within Global ID Quantum Gravity 



it yields 



= 8\a\hJY^ (2^/\^^ ( 2 ' "l"'^^) ^+[^^' I"']' (^O^) 

Now by direct application of these equations into received equalities (98) and 
(99) one can obtain the following integral equations for the functions f±. For 
the Coulombic situation we have 

+ elalj/ii (2>y\a\hi^ dtoFi(^~ ; \a\t 



and for the Newtonian one we have 



|A,)j^"'*y,(2^) + 



e^|a|<j \/hioFi ( ^ ; -|« 



However, in both cases the integral operators acting on the functions f± are 
nonsingular. In this situation one can put the formal limit e ^ in the equa- 
tions (102) and (103), and by doing some elementary algebraic manipulations 
one can extract the searched functions. Finally, we obtain the results 

f-[hiM\] = + (104) 

U[hi,\a\] = + /'V^, . (105) 

17 



L. A. Glinka / On the residual effective potential within Global ID Quantum Gravity 



In this manner the initial data for the studied boundary conditions (90) can 
not be chosen arbitrary, but according to the rules 



^/\a\hI ^-q Ji \2^/\a\hJj + 2c^Ki i2^/\a\hi 
^\a\hi IcfJi (2^\a\hj) + 2z4Fi (2^\a\hi 



(106) 
(107) 



Of course, the supposed equation for boundary values(97) is here arbi- 
trary, and can be replaced by other ones. However, the discussed case reflects 
some typical questions in the problem. 



5 Vanishing sign 



Finally, let us discuss briefly the case of vanishing sign (55) for studied 3- 
dimensional Einstein manifolds 

A = + = 0. (108) 

For this situation we have of course 

4 

a_i = --A = ±|a|. (109) 

So, for this case in absence of Matter fields the effective potential (27) be- 
comes purely cosmological 

Vefflh] = Vc[h] = (110) 

where the cosmological constant A is established according to the relation 
(57). From the global one-dimensional quantum mechanics point of view, 
the our model of Quantum Gravity defines "cosmological" wave function if 
and only if in the received solutions of the previous chapter we input the 
change 

4 

— A for Newtonian case 

\^\ = { I ' (111) 

H — A for Coulombic case 
3 

so that the cosmological wave function is only one and can be determined by 
using geometric wave function with the identification (111) as follows 

^c[h] = ^^[h], (112) 

where the sign is chosen according to the sign of cosmological constant A. 
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6 Discussion 

We have presented the quantum mechanical point of view on the Global 
One-Dimensional supposition within Quantum General Relativity studied 
previously by the author in terms of quantum field theory [1, 2, 3, 4, 5, 6, 7]. 
The obtained model bases on the effective potential (27) being a simple 
algebraic sum of three fundamental constituents - geometric, cosmological, 
and material, with nontrivial change in potential behavior with respect to 
the entrance model that was the Wheeler-DeWitt theory (18) 

Veff[h] h-'/'VwDwH 

We have concentrated our attention on studying the elementary case, that 
we have called residual approximation of the effective potential, that on some 
conventional level h ^ r can be identified with the attractive Newton grav- 
itation or the repulsive Coulomb electrostatics. Studying of this case al- 
lowed to conclude that in the case of matter fields absence, in the Global 
One-Dimensional model of Quantum Gravity, the maximally symmetric 3- 
dimensional Einstein manifolds are crucial for the residual case. Finally, we 
have found some solutions of the Quantum Gravity model in the residual 
approximation. 

The digression about other possible transformations of variables h ^[h] 
(41) within the Global ID quantum Gravity model leads to modification of 
the effective potential by the following way 

Veff[h] 

and shows that the studied case of / = /i, in some conventional sense, is 
the simplest and can be considered as minimal quantum mechanical model 
within the wider field theoretic model. 
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